Abstract. Suppose that E/Q is an elliptic curve with a rational point T of order 2 and α ∈ E(Q) is a point of infinite order. We consider the problem of determining the density of primes p for which α ∈ E(F p ) has odd order. This density is determined by the image of the arboreal Galois representation τ E,2 k : Gal(Q/Q) → AGL 2 (Z/2 k Z). Assuming that α is primitive (that is, neither α nor α + T is twice a point over Q) and that the image of the ordinary mod 2 k Galois representation is as large as possible (subject to E having a rational point of order 2), we determine that there are 63 possibilities for the image of τ E,2 k . As a consequence, the density of primes p for which the order of α is odd is between 1/14 and 89/168.
Introduction and Statement of Results
Let E/Q be an elliptic curve and α ∈ E(Q) be a point of infinite order. For each prime p for which E/F p has good reduction, the reduced point α ∈ E(F p ) has finite order, say M p . What can one say about the sequence of numbers M p as p varies?
We are particularly interested in how often the number M p is odd. More precisely, let S denote the set of primes p for which p N (E) and for which M p is odd. We are interested in the relative density of S within the set of primes, namely lim x→∞ π S (x) π (x) . Naively, one would expect this to occur 50 percent of the time, but this is often not the case. For example, in [5] , the authors show that if E : y 2 + y = x 3 − x and α = (0, 0), then lim x→∞ π S (x) π(x) = 11 21 ≈ 0.52381.
Moreover, for each positive integer k, there is a Galois representation (depending both on E and the point α) τ E,2 k : Gal(Q/Q) → (Z/2 k Z) 2 GL 2 (Z/2 k Z) := AGL 2 (Z/2 k Z), and Theorem 3.2 of [5] implies that the relative density of the set S only depends on the image of τ E,2 k (for all k).
Variations of this problem have been studied by several authors. (See for example [9] , [8] , [6] , and [3] .) In [1] , the authors study the problem of determining the image of τ subject to the constraints that (i) the usual mod 2 k Galois representation ρ E,2 k : Gal(Q/Q) → GL 2 (Z/2 k Z) is surjective for all k, and (ii) α ∈ E(Q) is not equal to 2γ for any γ ∈ E(Q). They show that under these hypotheses, there are two possibilities for the image of τ : AGL 2 (Z/2 k Z), and an index 4 subgroup thereof. In the latter case, the density is 179/336.
The goal of the present paper is to study the situation when the image of ρ E,2 k is Γ 0 (2) := a b c d ∈ GL 2 (Z/2 k Z) : c ≡ 0 (mod 2) .
In this situation, E has a rational point of order 2, which we refer to as T . We wish to impose the "primitivity condition" that neither α nor α + T is equal to 2γ for some γ ∈ E(Q). This condition is automatically satisfied if we choose α to be a generator of the group E(Q). This assumption means that there are only finitely many possibilities for the image of τ E,2 k . Theorem 1. Let E/Q be an elliptic curve with the image of ρ E,2 k equal to Γ 0 (2) for all k. Let T denote the unique rational point of order 2 in E(Q), and suppose that α ∈ E(Q) has the property that neither α nor α + T is of the form 2γ for γ ∈ E(Q). Then, there are precisely 63 possibilities for the image of τ E,2 k (up to conjugacy in AGL 2 (Z/2 k Z)), and there are 21 possibilities for the relative density of the set of primes for which α has odd order modulo p, ranging from 1/14 ≈ 0.0714 to 89/168 ≈ 0.5298.
We can translate all of the hypotheses in the theorem into purely group theoretic statements. In Section 3 we solve the problem of determining which possible subgroups of AGL 2 (Z/2 k Z) could be the image of τ by computing with Magma. In all, we find that there are 63 candidates as shown in the graph below. 3  4  5  6  7  8  9  10  11  12  13  14  15  16  17   18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47   48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63 In Section 4 we give concrete conditions that describe when the image of τ E,2 k lies in each of the subgroups above, and we exhibit a pair (E, α) of an elliptic curve and a point α with each of the 63 possible images. Finally, in Section 5 we give a method suited to computer computation for computing the relative density of the set of primes where α has odd order, given the image of τ E,2 k .
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Background
Let E/Q be an elliptic curve. For a positive integer m, define E[m] = {Q : mQ = 0}, where 0 denotes the identity of the group law. We have that E[m](C) ∼ = (Z/mZ) 2 . We say that E has good reduction at p if E/F p is non-singular, and we say that E has bad reduction otherwise. If we choose a basis A, B for E[m], we get the usual mod m Galois
σ(A) = aA + bB and σ(B) = cA + dB.
If E/Q is an elliptic curve and im ρ E,2 k = Γ 0 (2), then E has a rational point of order 2. By translating this rational point to the origin, we can assume that E : y 2 = x 3 + ax 2 + bx for some a, b ∈ Z and that T = (0, 0) is the unique point of order 2. The subgroup {(0 : 1 : 0), T } is the kernel of an isogeny φ : E → E where E :
The dual isogeny ψ : E → E has a similar formula (see [12] page 79). We have ψ•φ(P ) = 2P for all P ∈ E(Q) and φ • ψ(Q) = 2Q for all Q ∈ E (Q).
Let α ∈ E(Q) be a point of infinite order. For a positive integer m, let [m −1 ]α = {P ∈ E(C) : mP = α} be the preimage of α under the multiplication by m map. For a positive integer k, there are 4
The coordinates of these points are algebraic numbers and we define K k to be the field obtained by adjoining to Q these coordinates. The extension K k /Q is Galois. For each positive integer k, we choose one point β k so that 2 k β k = α and we choose these in such a way that 2β
]α and hence we can write
where
is the arboreal Galois representation. Here ρ E,2 k is as given above. We think of e f ∈ (Z/2 k Z) 2 as being a row vector. The group operation on
is a homomorphism, and it is convenient to think of AGL 2 (Z/2 k Z) as a subgroup of GL 3 (Z/2 k Z) for computational purposes. Note that AGL 2 (Z/2 k Z) consists of pairs of vectors in (Z/2 k Z) 2 and matrices M ∈ GL 2 (Z/2 k Z) and so
We wish to give a brief accounting of the connection between the image of τ E,2 k and the relative density of primes p for which α ∈ E(F p ) has odd order. For a more detailed explanation, see Theorem 5.1 of [1] .
Let p be an odd prime with p N (E). Then it is straightforward to see that α ∈ E(F p ) has odd order if and only if for all k ≥ 1, there is some point 
, this is the same as asking for f ( x) to have a fixed point. Equivalently,
is nonempty for all k and so α ∈ E(F p ) has odd order. The relative density of p for which det(ρ E,2 k (σ p ) − I) ≡ 0 (mod 2 k ) tends to zero as k → ∞. Thus, the Chebotarev Density theorem implies that (1) lim
Group Theory
We study the possibilities for the image of τ , assuming im ρ is as large as possible subject to E having a rational point of order 2. Specifically, we will deal with the case when the image of ρ E,2 k is Γ 0 (2). In essence, we have a homomorphism τ : Gal(K k )/Q → G, where G is some finite group, and we are interested in understanding when τ is surjective.
Recall that if G is a finite group, the Frattini subgroup Φ(G) is the intersection of all maximal subgroups of G. Here are two facts about the Frattini subgroup. . Let G be a group whose order is a power of
The next result gives us a method for finding all maximal subgroups of a subgroup M ⊆ Γ 0 (2) that contains the kernel of reduction mod 8.
We claim that every element ( 0,
We prove this by backwards induction on l. The case that l = k is the base case and is trivial. Assume that for all l > r, every element ( 0, I + 2 l g) is in Φ(N ). We prove the same for l = r. We have x = ( 0, I + 2 r−1 g) ∈ N and so
Since r ≥ 4, we have that 2r − 4 ≥ r and by the induction hypothesis, every matrix h congruent to the identity mod 2 2r−2 has ( 0, h) ∈ Φ(N ). This completes the induction.
It follows that Φ(N ) contains all the elements of the form (0, I + 2 4 g) and all elements of the form ( v, I) where v ≡ 0 (mod 16). Thus, it contains all elements of the form
This shows that Φ(N ) contains all of these elements and by Theorem 2, Φ(N ) ⊆ Φ(M ).
Here are our computation steps in Magma, from which we can know there are only 63 possible candidates:
(1) We start with Γ 0 (2) and compute its maximal subgroups. We say a subgroup M is
We make a list of all happy subgroups ⊆ AGL 2 (Z/8Z) and we get 63 subgroups (up to conjugacy). (3) We make a list of all happy subgroups ⊆ AGL 2 (Z/16Z) and we get 63 subgroups (up to conjugacy).
If M is one of these 63 happy subgroups of AGL 2 (Z/8Z) and K ⊆ M is any happy subgroup
so that L will show up in our list in step 3. In other words, H is one of our 63 subgroups if and only if
For use in the next section, it will be helpful to define certain subgroups and discuss the corresponding subfields.
Definition. Let G be a finite group and suppose that N 1 and N 2 are subgroups of G with |G :
It follows that N 1 and N 2 are both normal subgroups. Define
For each H ⊆ Γ 0 (2) that is happy, with im ρ = Γ 0 (2), M * H is a happy subgroup of Γ 0 (2) with im ρ = Γ 0 (2).
If G = Gal(K/Q) and N 1 and N 2 are subgroups of G, they correspond to subfields K 1 /Q and K 2 /Q. Since |G : N 1 | = 2 and |G :
. This is because we have σ(
Then, we have that σ(
and so σ(
Interpretation of the images of τ
In this section, we describe the interpretation of the 63 possible different images of τ E,2 k , up to conjugacy. We will describe the methods we used to find an interpretation for each of the possible images of τ E,2 k , and end this section by giving a table of images, interpretations, densities, and elliptic curves that yield each image.
The lattice of the happy subgroups of Γ 0 (2) is the following. 1   2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17   18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47   48  49  50  51  52  53  54  55  56  57  58  59  60  61 Suppose that E/Q is an elliptic curve with a rational point of order 2 and α ∈ E(Q) is a point of infinite order. Assume that that E : y 2 = x 3 + ax 2 + bx. We denote α = (c, ck), which forces b = ck 2 − ac − c 2 . We will specify curves in this family by the parameters a, c and k. The group Γ 0 (2) has 31 maximal subgroups of index 2. These subgroups can be generated (using the * operation of Section 3) from five subgroups. One of these is
The other four are maximal subgroups of the form
where K ⊆ Γ 0 (2) is a maximal subgroup. We define M −1 to be the maximal subgroup of this form corresponding to K = {g ∈ Γ 0 (2) : det(g) ≡ 1 (mod 4)}, M 2 to be the maximal subgroup of this form corresponding to
Let H i denote the ith subgroup in the chart above. (For a Magma file that contains generators of each subgroup, as well as other scripts and log files related to the computations in this section, see the page http://users.wfu.edu/rouseja/liang-rouse/.)
The subgroup H 2 equals the subgroup M defined above. We have that im τ ⊆ H 2 if and only if for all σ ∈ Gal(K k /Q), σ(β 1 ) = β 1 or β 1 + T . This implies that α = φ(β 1 ) = φ(β 1 + T ) ∈ E (Q) is rational. Since ψ(α ) = α, this implies that the x-coordinate of α, c, is a perfect square. Hence, im τ ⊆ H 2 if and only if c is a perfect square. This gives the interpretation for subgroup 2. It follows from this that im τ = Γ 0 (2) if and only
2 has order 32 (which is equivalent to there being no multiplicative relations, mod squares, involving −1, 2, b, a 2 − 4b and c).
with the property that g ∈ M d if and only if when τ E,2 k (σ) = g, we have that σ fixes √ d.
That is, M d is the subgroup of Γ 0 (2) corresponding to Q( √ d). It is not hard to see that im τ E,2 k ⊆ H 2 * M d if and only if cd is a perfect square, and this furnishes the interpretations for subgroups 3 through 17. We will use this trick for other batches of subgroups (18-24, 25-32, 33-39, 40-47, 48-55, and 56-63). In particular, we will compute the interpretation for one such subgroup, and then use this group-theoretic method to find the interpretation for all other subgroups in that batch.
It follows from the intrepretations above that maximal subgroups of subgroups 2 and 10 arise because either the point α or α + T is the image of a rational point under the isogeny ψ : E → E. The situation where subgroups 7 and 15 is a bit more mysterious, and we will take a moment to explain where those maximal subgroups come from. First, the discriminant of the curve E is ∆(E) = 16b 2 (a 2 − 4b), and an examination of the classification of 2-adic images of elliptic curves over Q by the second author and David Zureick-Brown (see [11] ) shows that for any curve E/Q, 4 ∆(E) ∈ Q(E [4] ). (In fact, the modular curve X 2a of [11] parametrizes elliptic curves whose discriminant is a fourth power.) Now, the image of τ is contained in subgroup 15 if and only if −(a 2 −4b) c = d 2 for some d ∈ Q, and in this case the field Q(β 1 ) obtained by adjoining a preimage of α under multiplication by 2 is also a radical extension: we have Q(β 1 ) = Q(
). This implies that the quantity
is a square in Q, but is a fourth power in Q(β 1 , E [8] ), and this means that To compute the interpretation for one subgroup in each of our batches, we will use a technique from [4] (see the proof of the Lemma on page 962) and [1] (see the proof of Lemma 9.1). Given a subgroup H ⊆ AGL 2 (Z/2 k Z) and an elliptic curve E (depending on the parameters a, c and k), we wish to compute a polynomial f a,c,k (x) ∈ Z[a, c, k][x] so that f a,c,k (x) has a rational root if and only if the image of τ E,2 k is contained in H. Let β k denote a point so that 2 k β k = α, and let A and B be points which generate
Then, let f a,c,k (x) = C (x−ζ C ). A straightforward computation shows that the x-coordinates of the points β k + r 1 A + r 2 B, 0 ≤ r 1 , r 2 < 2 k are integral over Z[a, c, k] and it follows that
. Moreover, the change of variables (x, y) → (t 2 x, t 3 y) sends a → t 2 a, c → t 2 c and k → tk. For this reason, we say that a and c have weight 2 and k has weight 1. The map (x, y) → (t 2 x, t 3 y) sends ζ C to t 8 ζ C , and it follows from this that the weight of the coefficient of
To find the polynomial f a,c,k one then simply computes f a,c,k for several triples (a, c, k) (by numerically computing the x-coordinates of the β k + r 1 A + r 2 B using the fact that E(C) ∼ = C/Λ for some lattice Λ), and uses linear algebra to determine the coefficients of each monomial of the correct weight in the coefficient of x i . This method produces the polynomial f a,c,k
Next, we present tables describing the various images. The table below gives for each subgroup an element with the property that im τ E,2 k is contained in that subgroup if and only if that element is a square in Q, a curve (specified by [a, c, k]) whose image is that subgroup, the density of odd order reductions associated with that image of τ E,2 k (for more detail about how these were computed, see Section 5), and the value of π S (x)/π(x) for the curve specified with x = 10 7 . Subgroup 18 − 24 arise as images when c = s 2 is a perfect square. In this case, there are two points α ∈ E (Q) so that ψ(α ) = α. We have α = (a + 2s 2 + 2sk, 2s(a + 2s 2 + 2sk)) and the two choices of α correspond to the choice of the sign of s. In the table below, we specify the square class of x(α ) and this means that the image of τ is contained in the corresponding subgroup when either choice of α results in x(α ) being in the correct square class.
Subgroup
Subgroup Element Curve Density π S (10 7 )/π(10 7 ) 18 −2bx(α ) [7, 16, 3] Now we consider the batch of subgroups 25 − 32 which are subgroups of group 7. The image of τ is contained in group 7 if and only if −bc(a 2 − 4b) is a square, which is equivalent to −(a 2 − 4b)x(α + T ) being a square. We have x(α + T ) = −a − c + k 2 and so we let Now we consider the batch of subgroups 33-39, which are subgroups of group 10. This implies that bc is a square, which implies that x(α + T ) is a square and hence there are two points α ∈ E (Q) with ψ(α ) = α + T . The For the batch of subgroups 48-55, we have the same sort of phenomenon happening as with the maximal subgroups of groups 7 and 10, except this time on E instead of E. The image of τ is contained in group 20 if −bx(α ) is a square, which is the same as saying that −(b/c)(a + 2s 2 − 2sk) is a square (where again c = s 2 ). Write −(b/c)(a + 2s 2 − 2sk) = d 2 and recall now that there are two choices for s and two choices for d (per s with −b(a + 2s 2 − 2sk) a square). If any of these choices make it so the quantity in the Element column is a square, then the image of τ is contained in the corresponding subgroup. 
Calculating the density
In this section, we give a convenient way to compute the limit on the right hand side of (1), and in this section we allow to be any prime number and G ⊆ AGL 2 (Z/ r Z) to be a subgroup of index m. The right hand side of (1) is
( v mod r , g mod r ) ∈ G and v ∈ Row(g − I)} #{( v, g) ∈ AGL 2 (Z/ k Z) : ( v mod r , g mod r ) ∈ G} .
By Theorem 3.2 of [5] if E/Q is an elliptic curve without complex multiplication, α ∈ E(Q), and the image of τ E, k is the full preimage in AGL 2 (Z/ k Z) of G for all k, the density of primes p for which α ∈ E(F p ) has order coprime to is equal to F(G).
A general procedure for computing F(G) with a finite amount of computation has already been given by Lombardo and Perucca (see [6] and [7] ). They also handle the cases that arise for elliptic curves with complex multiplication. We wish to give a few simple rules that allow for easy computer computation of F(G). Given that our results essentially follow from the work of Lombardo and Perucca, we will not give full details in the proofs. Solving for µ 1 ( 0, I) gives the desired result.
